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Based on the general solutions for transversely isotropic magneto-electro-elastic materials, the fundamental solutions of
axi-symmetric problems are derived by integration and explicit expressions for four possible cases of distinct characteristic
roots and multiple roots are all presented. In the case of distinct roots, based on the Green’s functions for semi-inﬁnite
magneto-electro-elastic body and bi-material inﬁnite magneto-electro-elastic body, the Green’s functions for axi-symmetric
problems of semi-inﬁnite body and bi-material inﬁnite body are obtained.
 2007 Published by Elsevier Ltd.
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The problem of axi-symmetric stress analysis of body of revolution is of great signiﬁcance in engineering.
Brebbia et al. (1984) gave a detailed account of problems relating to application of the boundary element
method (BEM) to axi-symmetric bodies. For transversely isotropic materials, Hanson and Wang (1997) gave
solutions for ring loading in an inﬁnite body and a semi-inﬁnite body, including axial, radial and tangential
loads. As for transversely isotropic piezoelectric materials, Ding et al. (1996) and Dunn and Wienecke
(1996) gave three-dimensional fundamental solutions using diﬀerent methods. Ding et al. (1997) obtained
Green’s functions for inﬁnite, semi-inﬁnite and bi-material inﬁnite bodies in all three cases of characteristic0020-7683/$ - see front matter  2007 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2006.09.032
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5426 J. Aimin et al. / International Journal of Solids and Structures 44 (2007) 5425–5436roots. Ding et al. (1999) gave the solutions for transversely isotropic piezoelectric inﬁnite body, semi-inﬁnite
body and biomaterial inﬁnite body subjected to uniform ring loading and charge.
More and more attention has been paid to magneto-electro-elastic materials, which possess simultaneous-
ly piezoelectric, piezomagnetic and magnetoelectric eﬀects. Pan (2002) derived three-dimensional Green’s
functions in anisotropic magneto-electro-elastic full space, half space, and bi-materials based on the extend-
ed Stroh formalism by applying the two-dimensional Fourier transforms. Wang and Shen (2002) obtained
the general solution expressed by ﬁve potential functions. The derived general solution is then applied to
ﬁnd the fundamental solution for a generalized dislocation and also to derive Green’s functions for a
semi-inﬁnite magneto-electro-elastic solid. Ding et al. (2005) presented Green’s functions for two-phase
transversely isotropic magneto-electro-elastic material including the 2D (3D) Green’s functions of a two-
phase inﬁnite plane (body) when the characteristic roots are distinct. Hou et al. (2005) obtained the 3D
Green’s functions of inﬁnite, two-phase and semi-inﬁnite magneto-electro-elastic media for all cases of mul-
tiple characteristic roots. Jiang et al. (2006) presented the 2D Green’s functions of a two-phase inﬁnite mag-
neto-electro-elastic plane in the case of multiple characteristic roots by using the method of mirror image
source.
In this paper, the fundamental solutions of axi-symmetric problems are derived by integration methods
based on fundamental solutions for transversely isotropic magneto-electro-elastic media, and explicit expres-
sions are presented for four cases of distinct characteristic roots and multiple roots. For the case of distinct
roots, Green’s functions for axi-symmetric problems of semi-inﬁnite body and bi-material inﬁnite magneto-
electro-elastic body are obtained. The notations in Ding et al. (2005) and Hou et al. (2005) are widely adopted
in the paper, while the frequently used notations in this paper are listed in Appendix A.2. Solutions for uniform ring loading in an inﬁnite body
For transversely isotropic magneto-electro-elastic media, Hou et al. (2005) obtained four general solutions
on the cases of characteristic roots sj(j = 1,2,3,4) and expressed them in terms of ﬁve displacement functions
wj(j = 0,1,2,3,4). Now, we transform the given general solutions Eqs. (15), (19), (21) and (23) of Hou et al.
(2005) into cylindrical coordinates and present the following four sets of general solution of axi-symmetric
problems.
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¼ 0 ðj ¼ 0; 1; 2; 3; 4Þ ð5ÞAssume that xy plane is the isotropic plane. The coordinate system is shown in Fig. 1. Meanwhile, a cylindrical
coordinate system (r,h,z) is taken to coincide with the Cartesian coordinate system in z axis and the origin.
Uniform ring loading, line charge density and line current density are applied at the ring r = r0 on the plane
z = 0. Elastic, electric and magnetic ﬁelds caused by the loading, charge and current at an arbitrary point are
intended to obtain. Without loss of generality, we assume that coordinates of the ﬁeld point B are B(r, 0,z),
and coordinates of an arbitrary source point A in cylindrical and Cartesian coordinates are (r0,h, 0) and
(r0cosh, r0sinh, 0), respectively. In the following, attention should be paid to that in Ding et al. (2005) the
source point is (0,0,h), thus the vector from source point to ﬁeld point (x,y,z) is (x,y,z  h). Here, the vector
AB is (r  r0cosh, r0sinh, z) as shown in Fig. 1.
2.1. Distinct characteristic roots sj(j = 1,2,3,4)
(1) Solution for uniform ring loading in z direction with line density of Pl, uniform charge with line density
of Ql and uniform current with line density of Jl.
Assume that uniform ring loading in z direction with line density of Pl, uniform charge with line density of
Ql and uniform current with line density of Jl are applied at a ring passing through point A. Consider an inﬁn-
itesimal arc element r0dh at point A, then the point force in z direction, point charge and point current are
Plr0dh, Qlr0dh and Jlr0dh, respectively. From Eq. (32) of Ding et al. (2005) by taking Cjk = 0, displacements
at point B can be obtained as following:dur ¼ signðzÞ
X4
j¼1














dh ðm ¼ 1; 2; 3Þ ð8ÞFig. 1. Coordinate systems for axi-symmetric problems.
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tion, w; w2, w3 are electric potentialU and magnetic potentialW, respectively. Aj ¼ P lAPj þ QlAQj þ J lAJj with APj ,
AQj and A
J






j can be determined by Eq. (19) of Ding et al. (2005), in which
Aj ¼ PAPj þ QAQj þ JAJj , and
~Rj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr r0 cos hÞ2 þ r20 sin2 hþ s2j z2
q
; ~T j ¼ ~Rj þ sjjzj ðj ¼ 0; 1; 2; 3; 4Þ ð9ÞUsing Eqs. (C1)–(C4) in Appendix C and integrating Eq. (6) with respect to h in the interval of p  +p and
resorting to deﬁnite integral expressions Eqs. (C1)–(C4) of Appendix C, the representation of ur can be readily
obtained by integration. Integrals in Eqs. (7) and (8) are easy to integrate. Thus, we obtain displacements, elec-





KðkjÞ þ r r0rþ r0Pðd; kjÞ
 






KðkjÞ ðm ¼ 1; 2; 3Þ
ð10Þwhere K(kj) and P(d,kj) are complete elliptic integral of the ﬁrst and the second kind, respectively, deﬁned in
Appendix B. In the process of integration leading to Eq. (10), the result
P4













j ¼ 0 hold by Eq. (19) of Ding et al. (2005).
It is not diﬃcult to derive the expressions of stresses, electric displacements and magnetic inductions from














4ð2c66  x1js2j ÞAjr0zj
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where m = 1, 2, 3, r1, r2, r3, sr1, sr2 and sr3 stand for rz, Dz, Bz, srz, Dr and Br, respectively. For
xmj(j = 1,2,3,4), see Eq. (16) of Hou et al. (2005).
(2) Solution for uniform ring loading in r direction with line density of Tl.
Consider an inﬁnitesimal arc element r0dh at point A. Then, the arc element is subjected to force in x direc-
tion Tlr0coshdh and force in y direction Tlr0sinhdh. Obviously, the displacement functions of point B can be
obtained by superimposing the displacement functions of point force solution for force in x direction on those
for force in y direction.
In Ding et al. (2005), Eq. (38) give the displacement functions for a point force T acting along x direction by












ðj ¼ 1; 2; 3; 4Þ ð13Þwhere Ej(j = 0,1,2,3,4) have been given by Eq. (42) of Ding et al. (2005). Take Ej ¼ T lEj=T . By use of super-
position principle and Eqs. (12) and (13), we have




Ejðrr0 cos h r2oÞ
~T j
dh ð14ÞIntegrating the equations above with respect to h in the interval p  +p leads to the expression of displace-









ðrþ r0Þlj Pðd; kjÞ
( )
ð15ÞSubstituting Eq. (15) into Eq. (1) and using Eqs. (B4)–(B7) give the expressions of displacements, electric po-











KðkjÞ  r r0rþ r0Pðd; kjÞ
 






















































ð17Þ(3) Solution for uniform ring loading in h direction with line density of Sl.
Consider an inﬁnitesimal arc element r0dh at point A. The forces acting on the element are Slr0sinhdh in x
direction and Slr0coshdh in y direction. By means of the superposition principle, the displacement functions at
point B can be obtained from Eqs. (12) and (13).dw0 ¼ 
~E0ðrr0 cos h r20Þ
~T 0
dh; dwj ¼ 
~Ejrr0 sin h
~T j
dh ð18Þwhere ~Ej ¼ SlEj=T ðj ¼ 0; 1; 2; 3; 4Þ.
Integrating the expressions above with respect to h in the interval p  +p gives the displacement functions
as follows:w0 ¼ 2~E0 
p
2
½1 signðr r0Þsjjzj þ l0Eðk0Þ  r
2  r20
l0





wj ¼ 0 ðj ¼ 1; 2; 3; 4Þ
ð19ÞFrom Eq. (1), we get the expressions of displacements, electric potential and magnetic potential.ur ¼ 0; uh ¼ 2
~E0
l0r
½l20Eðk0Þ  n0Kðk0Þ; wm ¼ 0 ðm ¼ 1; 2; 3Þ: ð20ÞIn Hou et al. (2005), Bj, Cj and Dj in Eqs. (48), (49) and (50), respectively, have the following forms:
Bj ¼ PBPj þ QBQj þ JBJj , Cj ¼ PCPj þ QCQj þ JCJj and Dj ¼ PDPj þ QDQj þ JDJj . Correspondingly, in what follows
we have Bj ¼ P lBPj þ QlBQj þ J lBJj , Cj ¼ P lCPj þ QlCQj þ J lCJj and Dj ¼ P lDPj þ QlDQj þ J lDJj , as well as
F j ¼ T lF j=T , ~F j ¼ SlF j=T , Gj ¼ T lGj=T , ~Gj ¼ SlGj=T , Hj ¼ T lHj=T and ~Hj ¼ SlHj=T , etc.
5430 J. Aimin et al. / International Journal of Solids and Structures 44 (2007) 5425–5436By use of the displacement functions given in Eqs. (45)–(47) of Hou et al. (2005), the general solutions for
displacements in the case of multiple roots given in Eqs. (2)–(4), applying the same procedure explained in
Section 2.1 leads to the solutions of axi-symmetric problems.2.2. s15 s25 s3 = s45 s1
(1) Solution for uniform ring loading in z direction with line density of Pl, uniform charge with line density























Eðk3Þ þ 4s3km5B4r0l3 Kðk3Þ




























Kðk3Þ  r r0rþ r0Pðd; k3Þ
 
ð22Þ(3) Solution for uniform ring loading in h direction with line density of Sl.
The expressions of displacement are the same as those in the case of distinct roots except for replacing ~E0
with ~F 0.2.3. s15 s2 = s3 = s4
(1) Solution for uniform ring loading in z direction with line density of Pl, uniform charge with line density






















wm ¼ 4s1km1C1r0l1 Kðk1Þ þ
4ðs2km2C2 þ s2km5C3 þ s2km6C4Þr0
l2



































f½l22g2ðn2 þ z22Þ  2z22ðn22 þ 4r2r20ÞEðk2Þ  ðl22g2  n2z22Þg2Kðk2Þg
uh ¼ 0




 2ðs2km2G2  s2km5G3  s2km6G4Þz1
l2
Kðk2Þ  r r0rþ r0Pðd;k2Þ
 










ðl22g2  2n22 þ q2ÞEðk2Þ þ o2g2Kðk2Þ
 
ð24Þ
(3) Solution for uniform ring loading in h direction with line density of Sl.
The expressions of displacement are the same as those in the case of distinct roots except for replacing ~E0
with ~G0.
2.4. s1 = s2 = s3 = s4
(1) Solution for uniform ring loading in z direction with line density of Pl, uniform charge with line density




















































ð25Þwhere P 01 ¼ ðl21g1  8n1z21Þðp1  7o1r2Þ þ l21g1ð5n1  18r2Þz21
q01 ¼ f1ðl21g1  4n1z21Þ þ z21ðp1  7o1r2Þ  2l21g1z21
p001 ¼ 8n1½f 21  4z21ðr20 þ z21Þ  l21g1ð4n1 þ 9z21Þ
q001 ¼ 4n1z21 þ f 21  4z21ðr20 þ z21Þ þ 2g1l21



















































ð26Þewherp0001 ¼ 2zð4l21g1n21 þ 6l21g1n1z21  8n31z21  2l41g21  32n1z21r2r20 þ 8l21g1r2r20Þ
q0001 ¼ zð6n21z21 þ 3l21g1n1 þ 3l21g1z21  8r2r20z21Þ
p01 ¼ l41g21  2l21g1n21 þ l21g1q1  l21g1o1z21  8n1q1z21
þ 16z21ðl21g1n1 þ n31 þ l21g21 þ l21g1r20Þ
q01 ¼ l21g1o1  4n1o1z21 þ 3l21g1z21  2n21z21 þ q1z21(3) Solution for uniform ring loading in h direction with line density of Sl.
The expressions of displacement are the same as those in the case of distinct roots except for replacing ~E0
with ~H 0.
Finally, it should be noted that when the displacement functions for axi-symmetric problems are obtained
ﬁrst, the displacements, electric potential and magnetic potential can be derived from displacement functions
by using the general solutions as in the case of Eqs. (21)–(26).
3. Solutions for uniform ring loading in a bi-material inﬁnite body
Hou et al. (2005) also gave Green’s functions for a bi-material inﬁnite body in four possible cases of char-
acteristic roots. Assume that uniform ring loading acts on the plane z = h in the bi-material inﬁnite body.
Applying the same procedure as that for homogeneous inﬁnite body, again, the solutions for uniform ring
loading in a bi-material inﬁnite body can be obtained by integration. In what follows, the solutions for the
case of distinct roots will be presented.
(1) Solution for uniform ring loading in z direction with line density of Pl, uniform charge with line density
of Ql and uniform current with line density of Jl.









































KðkjkÞ ðm ¼ 1; 2; 3Þ
ð27aÞ

































Kðk0jkÞ ðm ¼ 1; 2; 3Þ
ð27bÞ(2) Solution for uniform ring loading in r direction with line density of Tl.







































sjkmjEjk ðm ¼ 1; 2; 3Þ
ð28aÞ






































ð28bÞ(3) Solution for uniform ring loading in h direction with line density of Sl.













ð29bÞIn the derivation of Eqs. (27)–(29), we have made use of the displacement, electric potential and magnetic
potential expressions Eqs. (75), (78), (81) and (83) in Hou et al. (2005). In addition, Eqs. (79a)–(79d) of
Hou et al. (2005) are solved for Ajk and A
0
jk, and Eqs. (84a)–(84f) of Hou et al. (2005) are solved for Ejk
and E0jk. Obviously, these constants can be rewritten to the following forms: Ajk ¼ PAPjk þ QAQjk þ JAJjk, A0jk ¼
PA0Pjk þ QA0Qjk þ JA0Jjk, Ejk ¼ TETjk and E0jk ¼ TE0Tjk . Therefore, those constants appearing in Eqs. (27)–(29) are
all of the following forms: Ajk ¼ P lAPjk þ QlAQjk þ J lAJjk, A0jk ¼ P lA0Pjk þ QlA0Qjk þ J lA0Jjk, Ejk ¼ T lETjk, ~Ejk ¼
SlETjk, E
0
jk ¼ T lE0Tjk and ~E0jk ¼ SlE0Tjk .
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Assume that uniform ring loading acts on the plane z = h in a semi-inﬁnite body. The solutions for displace-
ments, electric potential and magnetic potential to the extended Mindlin problem in the case of distinct char-






jk in Ajk, Ejk and ~Ejk
should be determined by Eqs. (88) and (89) of Hou et al. (2005).
5. Conclusions
(1) The axi-symmetric solutions for transversely isotropic magneto-electro-elastic materials on all four pos-
sible cases of characteristic roots sj are explicitly given. In Eq. (10), that is, the solution for ring loading
in z direction with line density of Pl, uniform charge of line density Ql and uniform current of line density
Jl, in the case of distinct characteristic roots, assume that 2pr0Pl = P, 2pr0Ql = Q, 2pr0Jl = J, and let r0
approach zero while keeping P, Q and J constant, the Eq. (10) will be reduced to Eqs. (27a) and (27b) of
Hou et al. (2005) that are expressed in cylindrical coordinates.
(2) For axi-symmetric problems of transversely isotropic magneto-electro-elastic semi-inﬁnite body and bi-
material inﬁnite body, Green’s functions in the case of distinct characteristic roots sj are present. Green’s
functions corresponding to the cases of multiple characteristic roots can also be obtained by integration
from the related equations of Hou et al. (2005).
(3) Compared with the general solutions for isotropy, the general solutions given in this paper involve not
only elliptic integrals of ﬁrst and second kind, but also elliptic integral of third kind, which also occurs in
the problem of transversely isotropic elastic body (Hanson and Wang, 1997).
(4) Making full use of the results for the case of distinct characteristic roots can be facilitate the solution of
Green’s functions in the cases of multiple roots because in the displacement function for the cases of mul-
tiple roots, terms diﬀerent from those in the case of distinct roots are, in fact, in direct proportion to
partial derivatives of their corresponding original displacement functions with respect to z. Therefore,
the desired results can be readily obtained by proper use of Eqs. (B4)–(B7) and the general solutions,
and complicated integration could be obviated.
(5) Assuming Pl = 1, Ql = Jl = 0 or Ql = 1, Pl = Jl = 0 or Jl = 1, Pl = Ql = 0, we can derive the axi-symmet-
ric fundamental solutions for transversely isotropic magneto-electro-elastic materials and the Green’s
functions for axi-symmetric problems of semi-inﬁnite body and bi-material inﬁnite body, which is very
important for application of BEM using the inﬁnite domain problem to solve a particular geometry in
ﬁnite space.Acknowledgments
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Appendix A. Notations
For convenience of reading, frequently used notations in the paper are listed as follows:l2j ¼ ðrþ r0Þ2 þ z2j ; f j ¼ r2 þ r20 þ z2j ; gj ¼ ðr r0Þ2 þ z2j
kj ¼ 2 ﬃﬃﬃﬃﬃﬃrr0p =lj; d ¼ 4rr0=ðrþ r0Þ2; nj ¼ r2 þ r20 þ z2j ; oj ¼ r2  r20 þ z2j
pj ¼ r2ðz2j  r20Þ þ ðr20 þ z2j Þ2; qj ¼ 8r20ðr20 þ z2j Þ; b2 ¼ 4rr0; c2 ¼ 2ðr2 þ r20Þ
hj ¼ sjh; z0j ¼ s0jzj; zij ¼ zi  hj; zij ¼ zi þ hj; z0ij ¼ z0i  hj; l2ij ¼ ðrþ r0Þ2 þ z2ij











kij ¼ 2 ﬃﬃﬃﬃﬃﬃrr0p =lij; nij ¼ r2 þ r2o þ z2ij; n0ij ¼ r2 þ r2o þ z02ij ; nij ¼ r2 þ r2o þ z2ij
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(1) Three kinds of complete Legendre elliptic integrals




1 k2 sin2 w
q ðB1Þ




1 k2 sin2 w
q




ð1þ q sin2 wÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


















¼ kðk2 þ qÞ
EðkÞ






2qð1þ qÞðk2 þ qÞ qEðkÞ  ðqþ k




c2  b2 cos h dh ¼
2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c4  b4












ðc2  b2 cos hÞ~Rj
dh ¼ 4
ljðb2 þ c2Þ

















nj  2rr0 cos h
p þ sjjzj ¼ 
2sjjzj






ðc2  b2 cos hÞ~Rj
ðC6ÞAccordingly, deﬁnite integrals
R 2p
0 ðcos hdh=~RjÞ and
R 2p
0 ðdh=~T jÞ can be calculated by using Eqs. (C1)–(C4).




























ðC8ÞEq. (C8) can be decomposed using Eq. (C7), which, in turn, can be decomposed by use of Eqs. (C5) and (C6).
Therefore, integrals
R 2p
0 ðcos hdh=~T jÞ and
R 2p
0 ½ðr r0 cos hÞdh=~Rj~T jÞ can be expressed by combinations of ellip-
tic functions.
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